Elastic metamaterials, which have huge potential in wave guiding and attenuation applications, can be built from structures with periodic piezoelectric patch arrays. Passive shunts offer the benefits of simplicity and low cost. In this paper, the effects of the magnitude and phase angle of the shunt impedance on the attenuation constant of a beam with periodic piezoelectric patch arrays were studied in order to determine the optimal shunt that produces the widest and most effective band gaps. The attenuation constants were found to be large when the phase angle is p 2 rad and when the magnitude decreases exponentially with the excitation frequency. This corresponds to a negative capacitance circuit, which is the optimal shunt for such systems. The attenuation constant of the system reduces significantly when the impedance deviates from the optimal value suggesting other circuits are less effective. The impedance and band structure of resistive-inductive (R-L), negative capacitance and resistive shunts were investigated. As expected, the negative capacitance circuit produces a large band gap, while the R-L circuit only produces a band gap around its natural frequency. The transmissibilities of a finite system with these circuits demonstrated that vibration transmissions are low within the band gaps. Furthermore, the stability of the negative capacitance circuit built using a dual-output second-generation current conveyor (DO-CCII) was examined by studying the pole diagrams. The system was found to be stable in ideal conditions but unstable when parasitic effects are considered. This suggests that the stability of the system is an important consideration for the implementation of this strategy and the different negative impedance converter designs available in the literature should be studied to find a suitable circuit configuration.
Introduction
Piezoelectric patches have been widely considered in vibration damping and control applications in structures as they have the ability to convert electrical energy to mechanical energy and vice versa (Hagood and von Flotow, 1991) . This allows the implementation of a variety of control strategies to damp vibrations. The passive shunt configuration, in which the piezoelectric patch is connected to a passive circuit, is considered to be one of the simplest control systems because it avoids the need of complex amplifiers and sensing equipment (Hagood and von Flotow, 1991) required in active control strategies. Several configurations of passive piezoelectric patches have been proposed, for example the resistive-inductive (R-L) circuit (Hagood and von Flotow, 1991) that acts as a dynamic vibration absorber reducing vibrations at the tuned frequencies. Later studies have introduced other circuits for shunted piezoelectric patches that make use of different concepts, including multiple resonating circuits (Behrens et al., 2003; Wu and McDonnell, 1996) and negative capacitance shunts (Beck, 2012) . The strategy of using piezoelectric and other active components to produce band gaps for vibration attenuation and wave guiding purposes has also been further developed, for example in Chen et al. (2014) where piezoelectric patches were used to control the stiffness of the local resonators in an elastic metamaterial and in Chen et al. (2015) where the metamaterial was designed using an electrorheological elastomer that is subjected to controllable electric fields. With increasing interest in elastic metamaterials, piezoelectric patches arranged in periodic arrays (Airoldi and Ruzzene, 2011; Casadei et al., 2012; Chen et al., 2013a,b; Spadoni et al., 2009; Thorp et al., 2001) have been studied in order to create elastic metamaterials with tunable band gaps, which is a desired property for this class of materials (Hussein et al., 2014) . Unlike conventional configurations for vibration attenuation, the periodic shunted piezoelectric patch arrangement creates band gaps, which are frequency ranges in which wave propagation cannot occur, to attenuate elastic waves without targeting a given mode of vibration (Spadoni et al., 2009 ). The artificially induced band gaps using piezoelectric patch arrays are similar to a Bragg gap that act as mirrors to reflect the waves at the interface between each unit cell, as explained in Gorishnyy et al. (2005) . This strategy results in broadband vibration attenuation as opposed to damping at specific frequencies typical of conventional systems. Two common circuits used to introduce band gaps are the R-L circuit (Airoldi and Ruzzene, 2011; Chen et al., 2013a; Spadoni et al., 2009 ) and the negative capacitance circuit Tateo et al., 2014) .
As demonstrated in Hagood and von Flotow (1991), a piezoelectric patch with an R-L shunt will behave like a tuned mass damper. This means that for the R-L circuit, the band gaps are created via the local resonant mechanism in elastic metamaterials proposed by (Liu et al., 2000) as tuned mass dampers can be used to produce such band gaps where the periodic piezoelectric patches were used to emulate the tuned mass resonators. Negative capacitance shunts on the other hand have been known to reduce vibrations over a large range of frequencies. This is done by tuning the capacitance of the shunt to values close to the capacitance of the piezoelectric patch so that the effective stiffness of the patch defined by Eq. (1) (Hagood and von Flotow, 1991) is sufficiently large to prevent motion from passing through. Hence, by using a periodic piezoelectric patch with negative capacitance, large mechanical impedance mismatch can be achieved to create wide bandgaps for vibration attenuation.
where E SU p is the effective Young's Modulus of the piezoelectric patch, E D p is the Young's Modulus of the piezoelectric patch at constant electrical displacement, v is the excitation frequency, k 31 is the electromechanical coupling coefficient, C e p is the capacitance and Z SU is the impedance of the shunt. Since the shunt parameters, which are the inductance, L, capacitance, C, and resistance, R, will affect the vibration attenuation performance of the periodic arrays, many studies (Chen et al., 2013a; Spadoni et al., 2009; Thorp et al., 2001 ) have analysed the effects of these parameters on the band gap width, location, and magnitude of the attenuation constants for plates or beams with periodic piezoelectric patches. However, in those studies, the shunting circuit was selected prior to the analysis of the effects of the parameters on the band gaps. This limits the analyses to the selected circuit while neglecting the possibility that other circuit configurations might have better performance. Regardless of the selected circuit, the electrical impedance of the passive shunt, Z SU , can be expressed in terms of only the magnitude, a, and the phase angle, f, using Eq. (2)
Therefore, the wave attenuation characteristics of all possible passive shunts can be studied by analysing only a and f. Hence, a map of the attenuation constant over a range of frequencies and shunt impedances will provide valuable information to the design of shunts for elastic wave attenuation using periodic shunted piezoelectric patches. In this study, the attenuation constants for a beam with periodic piezoelectric patches will be calculated over a range of magnitudes and phase angles of the shunt impedance. The map of the attenuation constants will then be analysed to devise design strategies for the passive shunts. This paper is organised as follows. Firstly, the beam and piezoelectric parameters, the models for the beam and piezoelectric patches, and the method used to calculate the attenuation constants will be described. After that, a map, which is a volume visualisation of the attenuation constants with respect to excitation frequency, magnitude and phase angle of shunt impedances will be presented. Then, the trends observed in the map and a suitable design strategy for the passive shunt will be discussed. Additionally, the band structure of the R-L and negative capacitance shunts will be discussed with regards to the map, and the optimal shunt configuration will be found. Lastly, an analysis of the stability was performed for the negative capacitance circuits by studying the pole diagrams.
Description of beam and models

Beam geometry
An infinite beam with piezoelectric patches, as seen in Figure 1 , was studied. A beam was selected instead of a plate mainly because the elastic wave in a beam only travels in a single direction, which simplifies the study as only the attenuation constant in one dimension needs to be considered. Maps for plates that have additional dimensions can be found using the same analysis and similar trends are expected to be found for plates with similar configurations.
The properties of the piezoelectric patch and beam used in this study are listed in Table 1 while the geometry of the unit cell is listed in Table 2 . The shunting circuits for the top and bottom piezoelectric patch were set to be identical.
Beam and piezoelectric model
The model proposed by Ha (2001) was used to model the beam and piezoelectric patch in this study. This model was selected mainly because the Timoshenko beam model, which takes into account rotational inertia, results in more accurate predictions, especially at higher frequencies. Additionally, the model proposed by Ha (2001) allows the piezoelectric patch to be used as both sensor and actuator, which allows the same model to be used in future studies involving active control.
In the Ha (2001) model, the dynamic behaviour of the piezoelectric patch and the beam, using the sign convention shown in Figure 2 , is described by the transfer matrix in Eq. (3).
where the terms are described by equations (4) to (10); the terms within the dynamic stiffness matrix, D, in Eq. (4) are listed in Appendix 1. 
where 0 is a matrix of zeros, the superscript T denotes transpose of a matrix, N are the axial forces, l is the length of the component, M are the bending moments, R are the transverse forces, I are the currents, the superscripts t and b refers to the top and bottom patch respectively, u are the axial displacements, u are the angles of rotation due to bending, W are the transverse displacements, and V are the voltages. For the portion of the beam without piezoelectric patches, the electrical components of the matrices in Eq. (3), which are I, V, P N , P F , and C, were omitted. Furthermore, since a passive shunt was used and the piezoelectric components are not powered by an external voltage or current source, Eq. (3) can be simplified to Eq. (11), so that only the mechanical components are present, as seen in Eq. (12)
where
where 1 is the identity matrix.
Transfer matrix method to calculate band structure and attenuation constant
In this study, the Floquet-Bloch theorem (Brillouin, 1946) , described by Eq. (14), was used to determine the wave propagation characteristics of the beam with periodic shunted piezoelectric patches.
The term k in (14) is known as the wave vector and it can be a complex value with imaginary d and real m parts, which are commonly known as the attenuation and propagation constants respectively. The propagation constant, m, describes the phase shift, while the attenuation constant, d, describes the amount of attenuation that the elastic wave experiences as it passes through the unit cell.
The transfer matrix method described by Eq. (15) was used to find the wave vectors in this study mainly because it is capable of determining the complex wave vectors. This capability is essential as the shunted piezoelectric patches will provide intrinsic damping, which will lead to the wave vectors being complex. Additionally, the vibration attenuation performance of the piezoelectric patches are to be evaluated using the attenuation constants. Eq. (15) is an eigenvalue problem that can be easily solved.
where T is the transfer matrix, U are the displacement matrices, F are the force matrices and the subscripts L and R denote the left end and the right end of the beam. Furthermore, since only the bending waves are of interest, the axial components in equations (3) and (12) were ignored by removing the rows and columns corresponding to F N and U N . By doing so, it is assumed that there are no excitation forces in the axial direction, F N , and that the coupling of the electrical effects on the purely axial displacements, U N , are negligible. This is a fair assumption as, without external excitation, U N is not constrained and will be free to move. The coupling between the mechanical and electrical portions of the piezoelectric portion for the bending components are accounted for by the P F matrix. In this study, the portions of the beam with and without the piezoelectric patches were treated as two separate beams, each having its own dynamic stiffness, in which continuity and dynamic equilibrium are enforced at the interface. An effective dynamic stiffness,D, for the single unit cell can then be found after simplifying and rearranging the matrix into the form shown in Eq. (16). Details on deriving this matrix can be found in Appendix 2.
where the subscript I denotes the internal nodes. Grouping the interface displacements and forces as a single matrix, Eq. (16) can be written as Eq. (17)
Using the steps taken by Spadoni et al. (2009) , the transfer matrix, T, in Eq. (15) can be found as follows
A Matlab script was written to perform the required calculations to find the wave vectors, k, from the equations stated.
Map calculations
A common criterion used to quantify the effectiveness of wave attenuation within a phononic crystal or elastic metamaterial is the attenuation constant or the imaginary part of the wave vector, d. As there are four waves (two incident and two reflected waves) that are present in the transverse bending of a beam, there will be two sets of wave vectors and hence two sets of attenuation constants, d, that characterise the waves. Here, the attenuation constant with the lowest magnitude will be used to quantify the wave attenuation properties because the waves with large attenuation attenuate more rapidly.
The attenuation constants, d, for the beam configuration described previously was evaluated for a range of frequencies from 1 Hz to 15,000 Hz, and shunting impedance defined in Eq. (11), with magnitudes, a, from 1 to 5000 V A À1 and phase angle, f, from Àp to p rad. This enables the attenuation constants for all possible shunting circuits to be determined and the best possible shunt configuration to be identified.
In order to conserve computing resources and time, these attenuation constants were first evaluated at larger intervals for the phase angle and magnitude, which are p 10 rad and 10 V A À1 . It is important to point out that despite the large intervals taken for the magnitude and phase angle, the number of points that were evaluated is still very large (21 3 500 3 15, 000 = 1:575 3 10 8 ), where the attenuation constants were evaluated at every 1 Hz frequency interval. The attenuation constants in regions that have interesting features were then evaluated at smaller intervals of magnitude and phase angle.
Results for attenuation constant map
Volume plot of attenuation constant
A volume plot mapping the attenuation constant over a range of frequencies, magnitudes and phase angles of the shunt impedance is shown in Figure 3 . Due to the large intervals in a and f used in finding the attenuation constant, the plot in Figure 3 was generated by first smoothing the 3D data using the smooth3 function, then plotting the data using the isosurface function in Matlab (Mathworks, 2014) .
In Figure 3 , each surface corresponds to a region with a constant attenuation constant, and the colour of the surfaces describes the magnitude of the attenuation constant for the isosurface. One observation that can be made from Figure 3 is that there is a region from 4135 to 4375 Hz that has attenuation constants of above 0.025, regardless of the impedance of the shunt. The band gap produced at these frequencies is a Bragg gap, which is a result of the discontinuity in wave speed along the beam caused by the addition of the piezoelectric patch.
Another interesting observation in Figure 3 is that there is a region centred around f = p 2 rad with high attenuation constants above 0.2, suggesting very effective wave attenuation. This region will be referred to as the high attenuation zone herein. Additionally, the frequencies of the high attenuation zone appear to be decreasing exponentially with increasing magnitude of shunt impedance. This trend observed in Figure 3 can be used to devise a strategy for the design of passive shunts to create effective band gaps. As seen in Figure  3 , the ideal passive shunt should have an impedance (both magnitude and phase angle) that follows the dark red region over the range of frequencies.
In order to investigate the trends further, a contour plot of the attenuation constants at a constant frequency, selected to be 6000 Hz, is plotted in Figure 4 to deduce the optimal phase angle for the shunt. As seen in Figure 4 (a), the attenuation constant is maximum at a phase angle of f = p 2 rad. Since large intervals of f were used in the calculations for Figure 4 (a), the analysis was repeated with smaller intervals of 0.01 rad around f = p 2 rad in order to get a detailed representation of the attenuation constant. The contour plot with smaller intervals is shown in Figure 4 (b) and the maximum attenuation constant still occurs at a phase angle of f = p 2 rad. The phase angle of f = p 2 rad suggests that the impedance of the optimal shunt is purely imaginary and has a positive value as described by Eq. (23)
where a is a positive value denoting the magnitude of the impedance. Additionally, as seen in Figure 4 (b), the attenuation constant is very sensitive to both the magnitude and the phase angle of the shunt impedance, as it decays rapidly from the optimal value. After establishing that the optimal shunt will have a phase angle of f = p 2 rad, a contour plot of the attenuation constant at f = p 2 rad, as shown in Figure 5 , was investigated. This is to determine the trend of the attenuation constant with the magnitude of the shunt impedance. As seen in Figure 5 , the frequencies of the high attenuation zone appear to be decreasing exponentially with the magnitude of the shunt impedance described by Eq. 24
where a is a positive value denoting the magnitude of the impedance and B and n are constants. Since the phase angle is f = p 2 rad, the optimal shunt is likely to follow the equation described by Eq. (25)
whereB is a constant. If the value of n is unity in Eq. (25), this becomes the equation for the impedance of a negative capacitance circuit, shown in Eq. (26), which is similar to the circuits studied in (Casadei et al., 2012; Chen et al., 2011; Tateo et al., 2014) , but without any resistors in the circuit.
where C p is the magnitude of the negative capacitance shunt. The dashed line in Figure 5 denotes the impedance of a negative capacitance shunt with the capacitance of 215.5 nF, and it overlaps with the high attenuation zones. This suggests that negative capacitance shunts are highly suitable candidates to attenuate waves for periodic piezoelectric shunt configurations. This result is consistent with Eq. (1), although a different model for the piezoelectric patches was used. Furthermore, based on the current analysis and Figures 3 to 5, the attenuation constants for the beams were found to be sensitive to the shunt impedance and the attenuation constant will reduce significantly when the impedance of the shunt deviates from the optimal value. Therefore, for a beam with periodic shunted piezoelectric patches, the ideal strategy is to match the impedance of the shunts to the values in the high attenuation zones across a large range of frequencies. Based on the results from Figure 5 , the optimal type of shunt will be that of a negative capacitance. In order to demonstrate this, the band structure of a periodic beam with piezoelectric patches using an R-L shunt and a negative capacitance shunt will be compared.
Comparison between R-L shunt and negative capacitance shunts
According to the findings in the previous section, the shunting circuit should have impedance with a phase angle of p 2 rad and a magnitude within the high attenuation zone shown in Figure 5 to attenuate elastic waves with band gaps. In order to demonstrate that this is the case irrespective of the type of shunting circuit, the band structure and the transmissibilities of a finite periodic beam with different circuits will be investigated: a resistive-inductive (R-L) circuit, a negative capacitance shunt and a single resistor. These circuits have been considered in previous studies to generate band gaps with periodic piezoelectric patches.
The resistor for the R-L circuit was set to have a low resistance of 0.1 mO, and the inductance was set to be 23.28 mH, to give a resonant frequency of 8000 Hz for the shunting circuit according to Eq. (27) (Chen et al., 2013b) . For the negative capacitance circuit, a low resistance of 0.1 mO was set and the capacitance was set to be 215.5 nF, to give the impedance that overlaps with the high attenuation region in Figure 5 . Lastly, the resistor only circuit was set to have a resistance of 1 O
where f n is the natural frequency of the shunt and piezoelectric patch circuit and L is the inductance.
Since the R-L and negative capacitance circuits have negligible resistance, the phase angle of the impedance for the shunting circuits will be close to p 2 rad, while the phase angle of the impedance of the resistive shunt will always be 0 rad. Since the phase angle of the resistive shunt is far from the optimal value of p 2 rad, it will not produce any band gaps, with the exception of the Bragg gap shown in Figure 3 . The band structure of the resistive circuit plotted in Figure 6 shows that this is the case, where there is only a small band gap at 4151 to 4363 Hz.
The magnitudes of the impedance for the R-L and negative capacitance shunts are plotted along with the contours of the attenuation constants in Figure 7 . As seen in Figure 7 , the magnitude of the impedance of the negative capacitance circuit is within the high attenuation zone at frequencies above the Bragg gap and the impedance is on the boundary of the high attenuation zone at frequencies below that. Based on this result, the negative impedance circuit is expected to produce band gaps across the entire frequency range, which is the case as seen in the band structure shown in Figure 8 , where the imaginary part of the wave vectors above 4151 Hz is large. It is important to note that the imaginary part of the wave vectors at frequencies below 4151 Hz is very low but not zero, indicating that there is effectively no band gap at the lower frequencies. The negligible values of the imaginary part of the wave vectors at lower frequencies is a result of the impedance being close to the boundary of the high attenuation zone and as discussed in the previous section, the attenuation constants are very sensitive to the impedance and decays rapidly when the impedance deviates from the optimal value which is the case at lower frequencies.
Furthermore, according to Figure 7 , the magnitude of the impedance of the R-L circuit varies linearly with excitation frequency. The impedance also overlaps with the high attenuation zones at frequencies between 8292 and 8572 Hz, which is around the tuned resonant frequency of 8000 Hz. In short, the impedance of the R-L circuit will overlap with the high attenuation zone around the tuned frequency. Therefore, a band gap at this frequency range is expected and this is confirmed by inspecting the band structure of the periodic beam with the R-L shunt in Figure 9 . As seen in Figure 9 there is a band gap in between frequencies of 8292 and 8572 Hz and a smaller Bragg gap at 4151 to 4319 Hz.
The transmissibility curve defined as ''the magnitude of the ratio of the transverse displacements at the last node to that of the first node'', for a finite periodic beam with 10 unit cells is shown in Figure 10 .
The values calculated in Fig. 10 is for a free-free beam with a transverse force applied at one end of the beam.
As seen in Figure 10 , there are no significant attenuations observed at frequencies where the imaginary wave vectors have very low values for all three circuits: for example, the transmissibilities are still high at 4151 to 4363 Hz, although there is a Bragg gap present. However, the transmissibilites are very low for regions where the imaginary wave vectors are large: for example, at frequencies above 4151 Hz for the negative capacitance circuit and at frequencies in between 8292 to 8572 Hz for the R-L circuit. This result demonstrates the effectiveness of utilising the band gaps produced with the periodic shunted piezoelectric patches to attenuate elastic waves and vibrations. Although, for a finite structure, several modes may exist within the band gap region seen in Figure 10 , where there are two peaks of around 13,000 to 15,000 Hz, for a finite structure, and the band gap strategy may not be ideal. However, with a sufficient number of cells, the transmissibility even at the natural frequencies within the band gaps will be small, as demonstrated in Junyi and Balint (2015) . Therefore, the band gap method is a possible solution to control transmissibility, but other requirements and factors will dictate the best technique to control transmissibility. For example, a tuned mass damper will be a better solution if one wishes to reduce vibration at a given frequency where a mode is present, but the band gap solution is ideal for control over a large range of frequencies.
The key finding from the analysis performed in this section is that effective band gaps will only be present when the phase angle of the shunt impedance is close to p 2 rad and the magnitude must overlap with a region of high attenuation constants. Since the only region with a high attenuation constant follows a trend where the magnitude decreases exponentially with the frequency, the only method to produce a band gap is to have the shunt impedance be in this region. This applies to all types of shunting circuits, including the R-L circuit that only produces the band gap when its impedance is within the attenuation zone. Therefore, in order to produce band gaps using periodic shunted piezoelectric patches, one should always set the impedance of the shunt to be within the high attenuation zone, which can be estimated by the impedance of a negative capacitance circuit, with the magnitude of capacitance being approximately the value of the piezoelectric patch. Furthermore, based on the trends of the impedance of the R-L and negative capacitance shunts, it can be deduced that the negative capacitance shunts are capable of producing large band gaps, compared to the R-L shunts observed in Figure 7 , where the R-L shunt only has a small region of overlap. An important aspect of a control system is its stability. Therefore, the stability of the proposed negative impedance shunt will be investigated in the next section.
Stability of negative impedance shunt
The optimal shunt to maximise the band gap width and depth was found to be a negative capacitance shunt, which is similar to the results from an optimisation study for a piezoelectric patch circuit done in another study . However, an issue with implementing this technique is that negative capacitance shunts and negative impedance shunts may be unstable and are affected by parasitic effects as highlighted in several studies Tang and Xin, 2015) . Components with negative impedance are not found naturally but it can be achieved using a negative impedance converter (NIC). Apart from being applied to the periodic piezoelectric patch configuration described in this paper, negative impedance circuits are important in wireless transmission technology, where negative impedance circuits are used to cancel the large input reactance of an antenna to overcome the Bode-Fano limit for antenna matching (Kim, 2012; Yang et al., 2015) . Thus, a number of different negative impedance converters have been proposed and studied, for example (Kim, 2012; Tang and Xin, 2015; Yang et al., 2015; Yuce, 2008) . Additionally, the use of NICs and the nature of negative impedance indicates that energy input is required to produce the required band gap effects in practice.
Since the stability of NICs will affect the performance of the shunt and the piezoelectric patch arrays, the stability of an ideal negative capacitance shunt and one using a NIC with parasitic behaviour will be studied. In this section, pole diagrams will be used to assess the stability of the negative capacitance shunt itself and the piezoelectric patch with the shunt. Since only the electrical impedance is of interest, the analysis for the stability will be performed by considering the transfer function of the electrical impedances, as seen in Figure 11 .
The constitutive equation for the piezoelectric patch used to derive the matrix in Eq. (4) 
where Q is the charge displacement in the piezoelectric patch. By treating the effects of the mechanical deformations of the piezoelectric patch as a current source (see Figure 11) , and by using a Laplace transform, Eq. (28) can be written as follows
The simplification in Eq. (29) results in the dynamic mechanical effects of the piezoelectric patch being neglected. However, in order for the system to be stable, the electrical components of the piezopatch should be stable for all values of current, which will lead to the system being stable for all deformation of the piezoelectric patch.
There are a number of NICs available in the literature and in this study, the NIC configuration shown in Figure 11 (c) and described in Yuce (2008) was used. This configuration was selected because it can be constructed using a dual-output second-generation current conveyor (DO-CCII), which can be made using commercially available active devices, such as AD844s (Analog Devices, 2009; Yuce, 2008) , and is relatively simple to construct.
The DO-CCII circuit and the impedance of the circuit can be described using equations (32) and (33) respectively (Yuce, 2008) . 
where Z X (s) describes the parasitic impedance of Eq. (34) while a(s) and b(s) are non-ideal gains described by Eq. (35).
where C X , R X , and L X are the capacitance, resistance, and inductance of the parasitic effects at port X of the DO-CCII respectively.
where g represents the value for a or b, g 0 are gains, and t g is the time constant. By connecting the equivalent negative impedance circuit in Figure (11)(b) to the piezoelectric patch in Figure  11 (a), the transfer function for the entire circuit, TF = V p I Mech , and the negative impedance circuit alone, Z SU can be written in a rational polynomial form in (36), where the coefficients are listed in Table 4 in Appendix 3.
For an ideal case, Z X is equal to zero and both a(s) and b(s) will be equal to unity. This leads to Z SU in Eq. (33) being equal to À 1 Z L = À 1 sC for the negative impedance circuit. For the non-ideal circuit with parasitic impedance and frequency dependent gain, the parameters required for the non-ideal system is given in Table 3 , which are based on the values used for the study in Yuce (2008) .
The transfer function for the negative impedance and the piezoelectric patch with the negative impedance circuit are shown in Figure 12 (a) and (b), respectively. In both cases, the ideal negative impedance shunt will have only a single pole, which is zero. This result is expected, as the shunt impedance and the transfer function of the system will be that of a capacitor, which will have poles of zero. However, when the parasitic effects of the NIC are considered, a total of five poles was present, as seen in Figure 12(a) , where there are three real poles and two complex poles. Based on the pole figure, the real components of all the poles for the negative capacitance shunt are either zero or negative, suggesting that the negative impedance shunt is stable even with the parasitic effects. On the other hand, the negative capacitance shunt with the piezoelectric patch also had five real poles: three of these poles are negative, one is zero, and one of the poles is positive, as seen in Figure  12 (b). This result shows that the system with the piezoelectric patch and negative capacitance shunt for the configuration shown in Figure 12 (c) is unstable when parasitic effects are considered. Since the piezoelectric patch array, coupled with the NIC, may not be stable, it is important to check the stability of the system when selecting an NIC design for the negative capacitance shunt.
Apart from the stability of the system, another important aspect of the negative capacitance shunt is its performance over the range of required frequencies. As seen in Figure 4 and Figure 5 , the region of high attenuation zone and hence the performance is very sensitive to the magnitude and phase angle of the impedance of the negative capacitance circuit. As discussed previously, the ideal magnitude and phase angle that optimises the performance of the piezoelectric patch in this study was found to be that of a negative capacitance equal to -15.5 nF. However, due to the parasitic effects in the DO-CCII, the impedance for the negative capacitance shunt may deviate from the ideal condition. Figure 13 compares the magnitudes and phases of the negative impedance shunts of the ideal case and the case considering parasitic effects, calculated using the transfer function in (36). As seen in the figure, the magnitude of the impedance of the ideal and the parasitic cases are almost identical. However, the values of the phase angle, f, in the inset in (36), differ from the ideal value, in which the f for the parasitic case decreases with increasing frequency. The reducing value of f is mainly caused by the parasitic effects of Z X (s) in Eq. (34), while the effects of the frequency dependent gain in Eq. (35) are insignificant within the frequency range studied here, due to the negligibly low time constants t a and t b . As seen in Figure 4 , the value of f will significantly affect the values of the attenuation and hence the performance of the piezoelectric patch. For example, the attenuation constant at a given frequency of 6,000 Hz in Figure 4 at the optimum amplitude of impedance has the attenuation constant of 1.4 at f = p=2 rad and reduces to less than 0.2 at f = 1:5 rad. Unfortunately, as shown in the inset of Figure 13 , the value of f has decreased below 1.5 rad at 6,000 Hz, suggesting that the attenuation constant is lower than 0.2 at this point, severely impacting the performance of the piezoelectric patch arrays for wave attenuation.
The results of the stability analysis and impedance of the negative capacitance shunt in this section demonstrates that the parasitic effects and non-ideal conditions in the circuits can adversely affect the performance and stability of the system. This results in difficulty in the practical implementation of the piezoelectric shunt arrays with negative capacitance, as there are no ideal circuits in practice. Therefore, while the results in the study showed that the optimal shunt is the negative capacitance circuit, it is important to perform an analysis of the actual circuit, including non-ideal behaviour, in order to determine if the actual circuit can achieve the required impedance over the range of frequency of interest. Since the technique developed in this article will present the attenuation constant in terms of the magnitude and phase of the impedance at different frequencies, the impedance of actual circuits can be superimposed onto the isosurface plots seen in Figure 3 to determine the performance of the circuits, while stability analysis such as the one performed in this section can be used to determine the stability of the system. The potential difficulties in the implementation of negative impedance circuits for wave attenuation has also been highlighted in Collet et al. (2012) . Furthermore, only a single configuration of the NIC was studied here and the parasitic effects are modelled on the work in Yuce (2008) . There is a plethora of NIC circuit designs in the literature (e.g. Brambilla et al., 2010; Brennan et al., 1988; Fabre and Rochegude, 1986; Hancioglu and Keskin, 2004; Popovic and Pavasovic, 2004; Yogo and Kato, 1974) and some of these designs may have better performance than the circuit used in this study. However, the study of the performance and stability of NICs is a large topic and the main objective of this study is to find the optimal circuits for a piezoelectric patch array for producing band gaps. Hence, no further study will be performed on the stability and performance of different NIC circuits and interested readers should refer to the relevant literature instead.
Summary and conclusion
Piezoelectric patches arranged periodically across a structure can be used to generate band gaps that are capable of attenuating vibrations when an appropriate shunting circuit is used. Since only two parameters, which are the phase angle, f, and magnitude, a, of the impedance, are required to characterise the entire shunt, the optimal shunt can be found by studying the attenuation constants across a range of frequencies for a beam with periodic piezoelectric patches across an entire range of f and a.
Based on the volumetric plot showing the attenuation constants for different values of the excitation frequencies, phase angles and magnitudes of the shunt impedance, the optimal impedance was found to have a phase angle that is equal to p 2 rad and has a magnitude that decreases exponentially with frequency. The optimal impedance was found to be similar to a negative capacitance shunt with a magnitude of capacitance that is approximately the capacitance of the piezoelectric patch. Additionally, a Bragg gap that is independent of the shunting circuit was found in a frequency range of 4,151 to 4,363 Hz. Since the attenuation constant is very sensitive to the changes in impedance and reduces significantly when the impedance of the shunt deviates from the optimal value, a negative capacitance shunt will give the largest band gap as it is similar to the trend of the optimal impedance.
The band structures and impedances of several types of circuits -which are, the R-L shunt, negative impedance shunt, and resistive shunt -have been studied. The resistive shunt was found to not produce any significant band gap as the phase angle of the resistor will always be constant at 0 rad. Conversely, the R-L and negative capacitance circuits have phase angles of p 2 rad as they have negligible resistance. Therefore, these circuits are able to produce band gaps over a range of frequencies.
The negative capacitance shunt was found to produce a large band gap at frequencies above 4151 Hz as the impedance of the shunt is near the optimal value, while at frequencies below 4151 Hz the impedance is at the boundary of the attenuation zone; the attenuation constant is negligible in this case. On the other hand, the R-L circuit was found to have impedances within the high attenuation zone around the tuned resonant frequency of 8000 Hz. The band gaps for the R-L circuits only appear within the frequency range where the impedance of the shunt overlaps with the high attenuation zones. This result suggests that, regardless of circuit, one should set the impedance of the circuit to the values within the high attenuation zones to attain the most effective elastic wave attenuation with periodic shunted piezoelectric patches.
Furthermore, an analysis of the stability of the system was performed for the negative capacitance shunt built from a DO-CCII. A pole diagram was used to determine the stability: the system was found to be stable in ideal conditions but unstable when parasitic effects were considered. This result suggests that a stability analysis is required to ensure that the overall circuit will result in a stable system when non-ideal effects are considered. Lastly, although the magnitude of the impedance for the negative capacitance shunt with parasitic effects is similar to the ideal condition, the phase deviates significantly. Since the performance of the system is sensitive to changes in the phase angle and magnitude of the impedance, it is crucial that the selected circuit can achieve the required magnitude and phase angle over the desired range, so that the performance of the system is not compromised. In summary, the general trends of the attenuation constant with respect to the shunt parameters have been found and a strategy for designing the shunt for periodic piezoelectric patches was devised.
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The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article. where r is the density, h is the thickness, b is the width and the subscripts t, m and b denote the top, middle and bottom sections of the component. where E is the Young's modulus and the superscript E denotes that the values are evaluated in the short circuit configuration. Z F is a 4 3 4 symmetrical matrix with the non-zero terms defined as follows where 1 is the identity matrix, the superscripts A and B denote the part, the subscripts N and F denote the axial and flexural direction, the subscripts L, I, R 
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